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Inverse Mode Calculations of the Incompressible
Turbulent Boundary Layer on an Ellipsoid

S. F. Radwan* and S. G. Lekoudist
Georgia Institute of Technology, Atlanta, Georgia

The boundary layer equations for three-dimensional, incompressible turbulent flow have been solved using the
inverse formulation. In this formulation the displacement thicknesses are prescribed and the pressure distribution
results from the calculation. The geometry examined is the ellipsoid of revolution, and the turbulence model used
is the anisotropic eddy viscosity. A finite-difference procedure has been used to compute the flow. For the case of
the ellipsoid, it was found that the inverse formulation is capable of allowing marching into regions that are
inaccessible to calculations that use prescribed pressure. Therefore, it seems feasible to use such a formulation for
future viscous /inviscid interaction procedures in order to study three-dimensional separation from smooth
surfaces. Also, the procedure provides an alternative to windward differencing for flows with small reversed

circumferential flow.

I. Introduction

HE computation of three-dimensional viscous flows is of

interest in several areas of fluid mechanics. An arbitrary
classification of methods for computing three-dimensional
viscous flows is as follows. One way of computing them
consists of methods that solve the three-dimensional Navier-
Stokes equations. In favor of this category is the increasing
memory and speed of the available computers and the simplic-
ity of coding. The second category is that of viscous/inviscid
interactions, in which different approximations to the Navier-
Stokes equations are being solved for different parts of the
flowfield. Usually the thin shear layer equations are used close
to the surface of solids. However, the thin shear layer equa-
tions, being parabolic, do not allow marching into separated
flow regions when the pressure distribution is prescribed. In
the past, this restricted the applications of viscous/inviscid
interactions to attached flows.

Current interest is directed toward the computation of
separated flows. By prescribing the displacement thickness
distribution instead of the pressure distribution, in solving the
thin shear layer equations, viscous/inviscid interactions are
capable of computing flows with separation. This method of
solving the thin shear layer equations is called computation in
the inverse mode. The advantage of viscous/inviscid interac-
tions methods is primarily their ability of providing good
resolution of different parts of the flowfield and the short
computing times required, as compared to those required by a
Navier-Stokes solver. A number of references about solutions
of the two-dimensional boundary layer equations in the in-
verse mode can be found in Ref. 1. It should be noted that
solutions of the boundary layer equations in the inverse mode
can be useful in design work.??

The problem becomes more complicated in three dimen-
sions. One of the reasons is that for a boundary layer calcu-
lation, the size of the convection terms depends on the direc-
tion of marching. This is a well-known fact and it has been
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used in the past to increase the capability of marching schemes.
In these procedures the differentiation is done so that the
domain of dependence of the equations is satisfied as much as
possible. The resulting differencing is sometimes called wind-
ward differencing. In an inverse procedure for two-dimen-
sional flows, the convection terms that propagate information
against the direction of marching are either being neglected or
used with a sign change. For three-dimensional flows, besides
the fact that the size of the convection terms depends on the
direction of marching, it is not known a priori if one needs to
neglect all of the convection terms that propagate information
against the direction of marching,.

A related issue is that of the separation singularity. The
problem has been studied in the context of integral boundary
layer theory for three-dimensional flows in some detail.*
Numerical solutions obtained by using finite differences
indicate that the numerical “breakdown” occurs close to an
area where the wall streamlines focus together into an en-
velope.>!1!12 Whether this event should be termed separation
or not is a subject for discussion.

Several publications have recently appeared that deal with
inverse boundary layer solutions for three-dimensional flow.!-8
In Refs. 6 and 7 interactive calculations are presented for
separated flow on a wing. An integral boundary layer proce-
dure has been used. The authors indicate that in the separated
flow region convergence problems had to be overcome by
appropriately choosing the parameters that have to be specified
in the inverse boundary layer calculation. Thus, an interesting
question appears. Do inverse procedures break down at the
same location as boundary layer calculations that use pre-
scribed pressure? Is it better to use an inverse procedure, or
will traditional windward differencing provide a more power-
ful method for three-dimensional boundary layer flows?

In order to examine the issues discussed, we solved
the boundary layer equations for three-dimensional in-
compressible flow using both the direct and inverse formula-
tions. With separation from smooth surfaces in mind, we
examine the flowfield around an ellipsoid of revolution. This
flowfield has been examined before numerically by different
investigators.”'® Thus a good analytical data base exists and
comparisons can be made. In what follows we describe the
numerical formulation and procedures used and the results we
obtained, ending with concluding remarks.

IL. The Analytical Formulation

The coordinate system used in this study is shown in Fig. 1.
In this coordinate system x has the value of zero at the nose
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Fig. 1 Surface oriented body coordinate system for the ellipsoid.

of the ellipsoid and two at the end of the ellipsoid, while y
has the value of zero at the windward side of the plane of
symmetry, and « at the leeward side of the plane of symme-
try. In this coordinate system the boundary layer equations
for three-dimensional incompressible turbulent flow are as
follows:

Jdu dv aw

a2 T4, 3y +Ay 5+ Azu+ Aw=0 (1a)
g +B1U§y +Bzw(?9 + Byu® + Byuv + Bsv?
=B6+B77%(% —u'w’) (1b)
u% + Qo gv +C2wg + Gl + Cuuo + Cyv?
=G+ ¢ aaz( g:) v'w’) (1c)

Equation (1a) is the continuity equation and Egs. (1b) and
(1¢) are the momentum equations in the x and y directions,
respectively, and u, v, and w denote the velocity components
along the direction of x, y, and z, respectively. The semi-
major axis of the ellipsoid a and the freestream velocity u,
have been used to nondimensionalize the equations. The z
coordinate and the w component of the velocity are scaled by
the square root of the reference Reynolds number. The coeffi-
cients 4;, B, and C; are known functions of the metric tensor
components and their partial derivatives, including the pres-
sure gradient terms, and are listed in Ref. 17.

The boundary conditions for these equations are as follows:
At the wall

u=v=w=0 atz=0 (2a)

At the edge of the boundary layer in the direct mode calcula-
tions
u=u,(x,y), v=0v{x,y) atz—oco (2b)

In the calculations done in the inverse mode the following
displacement thicknesses were used as input:

Sx—-—Q—ef (1—%)dz (20)

e

v, [ v ‘
8y=§ef0 (1—Z)dz (2d)
where
Q2 =ul +v} (2¢)
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In both cases the pressure terms in Egs. (1) were eliminated by
using the Euler equations at the edge of the boundary layer:

du, du

Bo=u, = + By, By 4+ Byul+ Byup, + Bsv? (26)
av, dv,

CG=u>, +Cu, 3y £+ Gul+ Cuu, + Co? (2g)

In order to start the calculations, the equations for the three-
dimensional stagnation flow were solved. Detailed informa-
tion about them can be found in Ref. 17. At the plane of
symmetry the conditions

du
=0, _3—)7—0 (3a)

apply, and the equations for the plane of symmetry are used:

%+A1g+A2w+A3u=0 (3b)
8 du d(du
uzs + Byw + Byu*= B5+B7E(8—_uw) (3¢)
d d =
ua—§+C1g2+C2wa—§+C3u2+C4ug
— d({du ——
=C6+C7E(E‘-gw) (3d)
where
dv
8= (3¢)
—  0G
C=—5—- 3t
- (30
— dC
C6=3—y6 (3g)

Equation (3d) is obtained by differentiating Eq. (lc¢) with
respect to y and using the symmetry conditions. The boundary
conditions for these equations are

u=g=w=0 atz=0 (3h)

u=u,, g=g, atz— © (31)

Rotta’s anisotropic eddy-viscosity model is used for turbu-
lence as follows:

du

—u'w by by || 5
_ dz (4a)

— du

—v'w by by a7

where

by =e(w?+ 1) /Q? (4b)
b=by=e(1-T)w (4c)
2 =€(v*+ Tu?)/Q? (4d)
Q% =u?+v* (4e)

€ is a scalar eddy viscosity, nondimensionalized with the
molecular kinematic viscosity. It is defined in the inner region
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Fig. 2 The computational molecule.
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as

€=‘/R—eLzT

L=0.4z[1— exp(—z/4)]

(49
(4g)

%)/ 0 (4n)
(4)
(49)

s (u), (B0 au
T _(32) +(3z) +(T—1)(vaz—-u

A=26/(1-11.8p*)R 7}

du\? dv\?
2 -2 It —
T _(32) +(82) at z=0

aQ aQ
+_ e e 1/4,3/2
p (ue dx +Ve ay )/Re T (4k)
It is defined in the outer region as
e=00168R,| [ (0, - Q) dz (41)

In the above equation T is the measure of the anisotropy of
the model and takes values between zero and one with the
isotropic eddy-viscosity result if T is equal to one. For the
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Fig. 5 The extrapolated displacement thickness distribution in the

axial direction for laminar flow.

Fig. 4 Direct mode calculations for laminar flow
over a prolate spheroid at 6 deg incidence.
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case of the plane of symmetry, the model takes the form

—u'w’ 1 0 %
= (4m)

—g'w (1- T)E T 9g

u az

III. The Numerical Procedure

The procedure used is formerly second-order accurate in the
direction normal to the wall, and the accuracy in the x and y
directions can be controlled from the input. The differencing
of the convection terms is done as follows: for a quantity f

af k=3 Pt i1 o1
x|, =aff Tt ay Tt asfily (5a)
af ki P P P,
Ay =b b T+ by (5b)
ij
I A P
3z, =55 (/=1 (5¢)
fk~§=%(fk+fk—1) (5d)
1—r 2Ax,+Ax;_,
4= Ry, +rAxi(Ax,-+Ax,-,1) (5¢)
_1-r (Ax;+Ax, )
2= Ax; T Ax; Ax,_, (50
Ax,
a3=rAxi—1(Axi+Axt‘1) (%¢)

The value of the upwinding parameter r, between zero and
one, is controlled from input. The coefficients b, are the same
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Fig. 6 The extrapolated displacement thickness distribution in the
circumferential direction for laminar flow.
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as the «@; with Ay replacing Ax. Also

Ax;=x,—x;_, (5h)
Ay, =y =1 (50)
Azp =z, — 2z, (Sj)

The governing differential equations have been discretized at
the location i, j, k3 (see Fig. 2). Different windward dif-
ferencing schemes have been applied in the direct mode
calculations and details can be found in Ref. 17. We only
describe a scheme based on the method of characteristics'’
that has been used to generate the direct mode results pre-
sented here. Because the solution proceeds from the windward
line of symmetry, whenever v is negative, the inertia terms in
the momentum equations are written in the local streamline
coordinate system. The inertia terms in Eqgs. (1b) and (lc)
become

du du du
um + Blva_y = Aﬁ (6a)
dv dv dv
Ugs + Clv?—}; = Am (6b)
where
N =u’+(vhy/h,) (6¢)

The derivatives along the streamline direction s are then
evaluated using the procedure described by Egs. (5). The
values of u and v at point w off the grid points are obtained
by quadratic interpolation.

The system of Egs. (1) is transformed into a set of first-order
equations by using the components F, and F, of the scaled
vector potential

JdF, dF.
u=U1=a—Z1 U=U2=8_22 (7a)
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Fig. 7 Comparison between inverse mode and direct mode laminar
calculations for the skin friction coefficient component c;,.
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du dv
9: =" FEE
u,=w v, =W,

(7b)
(7¢)
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tions are used
FE—-—yW =0 atz=z,

FE—vW,=0 atz=z,
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(8¢)
(8d)

Then, using the closure model for turbulence described in the
last section, the governing equations can be written as a
system of first-order-coupled partial-differential equations and
they are listed in the Appendix. The boundary conditions for
these equations are as follows: At the wall

F=F=U=U=W=0 atz=0

(82)

At the edge of the boundary layer

W,=U, W,=U, atz=z, (8b)
Moreover, if the calculations are done in the direct mode, then
the values for the edge velocities U, and V, are known and

prescribed. In the inverse mode the following boundary condi-
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calculations for the skin friction coefficient component Chpe
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where

Y} = Ze - (Qesx/VVI)
v, =2,—(Q.8,/W,)

where the 8, and §, are defined in Eqs. (2¢) and (2d).

The systems of equations in the Appendix are discretized
using Eq. (5). The resulting difference equations are coupled
and nonlinear and they are solved using the (4 X 4) block
elimination method of Cebeci and Keller.!! Then each
transformed momentum equation was solved separate from
the other using the block elimination method. The continuity
equation (7d) is used to obtain w and iterations are carried
out because of the nonlinearity. Different convergence tests
were used and a good one is the convergence of the wall slope
of the velocity profile. The slope at the edge of the boundary
layer was checked and, if larger than a prescribed value, more
points were added to the grid.

(80)
(8)

IV. Results and Discussion

Before any discussion of the calculations in the inverse
mode is made, it is proper to examine if the boundary layer
code reproduces existing results for the flow around the el-
lipsoid. Different investigators developed different methods
for computing in the nose region, and the most sophisticated
one is described in Ref. 5. In the present work the computa-
tions in the nose region are as follows. The stagnation location
is found, for a given angle of attack, from the closed form
solution of the potential flow around the ellipsoid.!® The
equation for three-dimensional stagnation flow is then solved,'’
using the same algorithm that is described in Sect. III of this
paper. Then, at the x location of the stagnation point, and at
all y locations, the velocity profiles of the stagnation flow are
used, after they have been scaled, so that the local freestream
velocity vector is that obtained from the potential flow solu-
tion. This treatment of the nose region limits the accuracy of
the calculations in the nose region. However, for the case of
turbulent flow, it should not significantly affect the solution
downstream.

We compared laminar flow results with results obtained by
other investigators. Figure 3 shows the derivative of the veloc-
ity profile at the wall, along the windward line of symmetry.
Figure 4 shows the location of the reversal of the wall shear
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component along the y direction. These results are for an
ellipsoid with ratio of axes four, and at six degrees angle of
attack. The angle of attack is defined as the angle between the

freestream and the axis of symmetry of the ellipsoid. It is In order to complete the calculation, displacement thick-
evident from these figures that the present formulation in the

nesses inside the inaccessible region were constructed by ex-
direct mode of calculation reproduces accurately previous trapolating the results from the accessible region. The values
results.

used are shown in Figs. 5 and 6. Figures 7 and 8 show the
computed components of the skin friction vector using both
the direct and inverse formulations. In the inverse formulation
the convection terms in the circumferential and in the axial
direction that propagate information against the marching
direction were neglected. The skin friction vectors are plotted
in Figs. 9 and 10. These results show that the two formula-
tions produce identical results. Moreover, the inverse formula-
tion is capable of producing results in the region of the
ellipsoid that is not accessible to the direct mode procedure.
Figures 11 and 12 show some velocity profiles for different y

to reduce that region by marching from the leeward plane of
symmetry. All calculations presented in this paper are done by
marching from the windward plane of symmetry.

The main objective of this work is to perform calculations
in the inverse mode. In order to do it, the problem has been
solved backwards. The displacement thicknesses obtained from
direct mode calculations were used, as input for the inverse
mode calculations. These displacement thicknesses are shown
in Figs. 5 and 6. The calculations are for the ellipsoid dis-
cussed before, at three degrees angle of attack. Figures 5 and 6
indicate that there is a region at the back end of the ellipsoid,
that is inaccessible to direct mode calculations. This agrees
with previous calculations.!™'? Notice that no effort was made
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Fig. 10 The computed wall shear
stress vectors in the inverse mode for
laminar flow.
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Fig. 11 Inverse mode calculations for the axial velocity profiles inside

Fig. 12 Inverse mode calculations for the circumferential velocity
the regions inaccessible to direct mode calculations.

profiles inside the regions inaccessible to direct mode calculations.
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locations and for an x location close to the trailing edge.
Notice that both components of the velocity indicate flow
reversal. The reader should be reminded that windward dif-
ferencing has been used in all of the calculations that use the
direct mode. Unless this is done, the area that is accessible to
the direct mode results is reduced.

Finally, calculations for turbulent flow are shown in Figs.
13-16. Again, the agreement between direct and inverse mode
results is excellent; many more can be found in Ref. 17.

Fig. 15 Comparison between inverse mode and direct mode turbulent
calculations.
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Fig. 16 Comparison between inverse mode and direct mode turbulent
calculations for the flow angle at the wall.

A comment about the behavior of the code is appropriate.
It was found that the calculations are sensitive to the smooth-
ness of the input displacement thicknesses. The experience of
the authors suggest that this is a manifestation of the way the
edge boundary condition is applied and it has nothing to do
with the inverse formulation. If the resulting edge velocity is
approached by using repeated “inner loop” iterations in the
direct mode,>? the code is more robust. It should be men-
tioned that the best results, in the region of the negative
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circumferential flow, were obtained when the marching scheme
is close to first-order accurate in the marching direction.

V. Conclusions

Inverse mode calculations for the three-dimensional
boundary on an ellipsoid of revolution at incidence, for in-
compressible laminar and turbulent flow, indicate the follow-
ing:

1) The scheme produces the same results as do windward
marching schemes for the case of reversed circumferential
flow.

2) These calculations, for the case examined, extend the
regions of accessibility for marching schemes that use the
boundary layer equations. Therefore, they could be used in
future three-dimensional viscous/inviscid interaction proce-
dures.

Appendix

Ay, U
- +Al~372 +A2"’:9—VZV + AU + AU, =0 (A1)

ey (A2)

Ay, (A3)
373;92(7’11’/1) + 37%(1’12%) = B,WV, - Ul%
—Bleaa—l}]}l — BU? — B,UU, — B,U? — Wl%

- Bleaa—V;/z - B,W? — BW,W, — BW2=0 (A%)

AL, (A3)

F-u (A6)

% _y, (A7)

d 7 d =
C7‘(E(b22Vz) + C779‘2(b21Vl) - GWP,

U AU
- Ula—x2 - clula—y2 - QU2 - C UL,
oW, oW,
_C5U22 - Wl’gx_z - C1W1'“;# - C3W12
— G W, — G =0 (A8)
AW,
2 =0 (A9)
where
b, =1+ U2+ TU)/Q> (A10)
7’12 =_b21 =e(1- T)U1Uz/Q2 (Al1)
by =1+eU2+ UD)[Q? (A12)
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